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Abstract—Fluidised bed reactors commonly utilise cyclones and hydrocyclones for 
classification of particles to or from the fluidised bed. Multiphase interactions play a dominant 
role in such fluidisation and ancillary separation or classification processes.  
Computational Fluid Dynamics (CFD) and experiment was used to determine whether 
drag and lift plays a significant role in air-core formation and the performance of a 
hydrocyclone. Four drag models and three lift models were used in the investigation. The 
Eulerian-Eulerian multiphase model was used in this study. With the Eulerian-Eulerian 
approach, the multiphase interactions such as drag and lift can be accounted for which is not 
the case with the Volume-of-Fluid (VOF) and Mixture models. Turbulence was accounted for 
using the Renormalization Group Theory (RNG) k-ε Model.  
The models under predicted the underflow mass flow rate by 63 % and over predicted the 
overflow mass flow rate by 12%. The results indicate that lift has no effect on the air-core and 
water mass flow split. Whilst drag does not affect the air-core or water mass flow split the 
choice of drag model has a noticeable effect on the stability of the solution. Thus, it is 
recommended that lift be neglected and that a drag model must be included to ensure 
stability.  Either the Morsi-Alexander or the Tomiyama et al. model should be used. Future 
work will focus on modelling the drag and lift in a fluidised bed using the Eulerian-Eulerian 
Dense Discrete Phase Model. 
INTRODUCTION 
 
Fluidised bed reactors commonly utilise cyclones and hydrocyclones for classification of 
particles to or from the fluidised bed [1]–[3]. Multiphase interactions play a dominant role in 
such fluidisation and ancillary separation or classification processes [4].  
       Hydrocyclones classify particles by size or density by using pressure gradients, centrifugal 
forces and gravity [1]–[3]. The carrier medium (water) and particle mixture is pumped into the 
tangential inlet and the pressure drop that froms between the outlets and the inlet combined with 
gravity and centrifugal forces causes the larger (or denser) particles for flow along the 
hydrocyclone wall to the underflow whilst the smaller (or less dense) particles are forced to the 
overflow [1]–[3]. The pressure drop between the outlets cause air from atmosphere to be 
entrained back into the hydrocyclone which forms a spiralling column of air in the core of the 
hydrocyclone, known as the air-core [1]–[3]. 
Due to the importance of the air-core in hydrocyclones [5]–[7] significant research, [5], [6], 
[8],[9]–[11] has been done on modelling of air-cores in hydrocyclones. Research on air-core 
formation in hydrocyclones has been driven by the need for an improvement in the 
understanding of hydrocyclone behaviour and performance.  
Joshi and Ranade [4] gave an overview of the then current status of CFD for single and 
multiphase flow and the path forward for CFD. Whilst many of the items listed under the path 
forward in  [4] are now standard in CFD, a number of the shortcomings still remain. Based on 
the suggestions of [4] notable outstanding advances relevant to hydrocyclones and particularly 
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air-core formation are modelling momentum transport at the interface and data to provide drag 
and lift coefficients for multiphase systems [12]. 
In the case of hydrocyclones, interactions such as drag and lift, in terms of air-core formation, 
have not received significant attention in the literature. Thus, the impact of drag and lift on air-
core formation and the water mass flow split in a hydrocyclone was investigated in this study.  
The aim of this study was to determine whether drag and lift plays a significant role in air-
core formation and the performance of a hydrocyclone. This was done using Computational 
Fluid Dynamics (CFD) and experiment. The CFD results were compared to experimental data to 
determine the accuracy of the models as well as to determine which combination of drag and lift 
models best predicts actual hydrocyclone behaviour in terms of the water mass flow split. Four 
drag models and three lift models were used in the investigation.  
COMPUTATIONAL FLUID DYNAMICS (CFD) MODEL 
Model Geometry and Mesh 
 
The hydrocyclone geometry (CFD domain) is shown in Figure 1. The hydrocyclone is a 100 mm 
barrel diameter hydrocyclone. The mesh is a full hexahedral mesh as seen in Figure 2. The model 
is mesh independent on the 2.5 mm mesh. The mesh sensitivity study is presented in the results 
section.  
 
 
Figure 1.  Geometry  
 
Figure 2.  Mesh  
 
Governing Equations 
 
The governing equations for fluid flow are given by the continuity equation and the Navier - 
Stokes equations. Using Reynolds Averaging of the instantaneous velocities and pressure, the 
continuity and RANS equations are given by Equations 2 and 3, respectively [13]–[18]. 
  
∇. (𝒖) = 0 (1) 
 
𝜌
∂𝑢𝑖
∂𝑡
+ 𝜌∇. (?̅?𝑖𝒖) = −
∂?̅?
∂𝑥𝑖
+ ∇. (𝜇∇?̅?𝑖) − 𝐵𝑖 − 𝜌
∂
∂𝑥𝑖
(𝑢′𝑖𝑢′𝑗) + 𝑆𝑀                           (2) 
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for 𝑖, 𝑗, 𝑘 = 𝑥, 𝑦, 𝑧. Equations 1 and 2 also includes the assumption of iso-thermal incompressible 
flow as is the specific case in the analysis of a hydrocyclone. 
The turbulence model used, to provide closure to the RANS equations, is the Renormalization 
Group Theory (RNG) 𝑘-𝜀 model. The Reynolds Stress Model (RSM) became unstable as the mesh 
was refined, thus, The RNG 𝑘 - 𝜀 model was used to provide a stable solution. The transport 
equations for 𝑘 and 𝜀, for incompressible flow, are as follows, respectively [13]: 
 
  
𝜌
∂𝑘
∂𝑡
+ 𝜌∇. (𝑘𝒖) = ∇. (𝛼𝑘𝜇𝑒𝑓𝑓∇𝑘) + 𝐺𝑘 + 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘  (3) 
 
𝜌
∂𝜀
∂𝑡
+ 𝜌∇. (𝜀𝒖) = ∇. (𝛼𝜀𝜇𝑒𝑓𝑓∇𝜀) + 𝐶1𝜀
𝜀
𝑘
(𝐺𝑘 + 𝐶3𝜀𝐺𝑏) − 𝐶2𝜀𝜌
𝜀2
𝑘
− 𝑅𝜀 + 𝑆𝜀 (4) 
  
 
The RNG 𝑘 − 𝜀 model uses the Boussinesq hypothesis to calculate the Reynold’s Stresses [13], 
[19]. No turbulence source terms were present, thus, 𝑆𝑘 = 𝑆𝜀 = 0 and the body force term is 
limited to gravity, thus, 𝐵𝑥 = 𝐵𝑦 = 0 and 𝐵𝑧 = −𝜌𝑔. 
A two-step process to model the air-core is commonly used in the literature such as in [5], [6], 
[8], [10], [11], [20]. The two-step process entails developing a stable single-phase solution and 
then adding the air-phase via a multiphase model [5], [6], [8], [10], [11], [20].  In this study, the 
domain was initialised with 𝛼𝑎𝑖𝑟 = 1 to model the real-world case of a hydrocyclone filled with 
air. The Eulerian-Eulerian multiphase model was then run until steady state.  
In the Eulerian-Eulerian model, the phases are modelled as separate interpenetrating 
continua with a shared pressure [13]. The continuity and momentum equations for each phase is 
given as a “mass averaged" form of the continuity equation and the momentum equations and 
are given as, respectively, [13]: 
  
𝛁. (𝜶𝒒𝒖𝒒) = 𝟎 (6) 
 
 
  𝜶𝒒𝝆𝒒
𝛛𝒖𝒒,𝒊
𝛛𝒕
+ 𝜶𝒒𝝆𝒒𝛁. (𝒖𝒒,𝒊𝒖𝒒) = −𝜶𝒒𝛁𝒑 + 𝛁. 𝝉𝒒 − 𝜶𝒒𝝆𝒒𝒈 + 𝑭𝒗𝒎,𝒒 + ∑
𝒏
𝒑=𝟏 𝑹𝒑𝒒 + ?̅?𝒍𝒊𝒇𝒕, 𝑞
 (7) 
 
The turbulence equations (equations 3 and 4) were solved for the mixture as opposed to for 
each phase to ensure numerical stability. Thus the volume average mixture velocity, mixture 
density and mixture viscosity which was used [13]. 
The surface tension co-efficient was set at 𝜎 = 0.073 𝑁/𝑚. The properties for water and air 
were set as per Table 1. 
 
Table 1. Fluid properties 
Fluid 𝜌 (kg/m3) 𝜇 (kg/(m. s)) 
Air 0.964 1.7894(10−5) 
Water 1000 1.003(10−3) 
 
The effects of wall lubrication and turbulence dispersion forces were neglected. The phase 
shear stress-strain tensor (𝝉𝒒) is calculated using the following formula [13]: 
 
𝝉𝒒 = 𝜶𝒒𝝁𝒒(𝛁𝒖𝒒 + 𝛁𝒖𝒒
𝑻) + 𝜶𝒒(𝝀𝒒 −
𝟐
𝟑
𝝁𝒒)𝛁. 𝒖𝒒𝑰 (8) 
 
The virtual mass force is calculated using the following equation [13]: 
 
𝑭𝒗𝒎,𝒒 = 𝑪𝒗𝒎𝜶𝒑𝝆𝒒[(
𝛛𝒖𝒒
𝛛𝒕
+ (𝒖𝒒. 𝛁)𝒖𝒒) − (
𝛛𝒖𝒑
𝛛𝒕
+ (𝒖𝒑. 𝛁)𝒖𝒑)] (9) 
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where the virtual mass constant 𝑪𝒗𝒎 = 𝟎. 𝟓 and the primary phase is represented with the 
subscript 𝑞 and the secondary phase 𝑝. The drag force is included in the interphase momentum 
exchange (∑𝒏𝒑=𝟏 𝑹𝒑𝒒). The interphase momentum exchange is given by [13]: 
 
∑𝒏𝒑=𝟏 𝑹𝒑𝒒 = ∑
𝒏
𝒑=𝟏 𝑲𝒑𝒒(𝒖𝒒 − 𝒖𝒑) (10) 
 
The symmetric model was used to model the interphase momentum exchange co-efficient 
(𝑲𝒑𝒒) and is given by [13]: 
 
𝑲𝒑𝒒 =
𝝆𝒑𝒒𝒇𝒅𝒓𝒂𝒈
𝟔𝝉𝒑𝒒
𝒅𝒑𝑨𝒊 (11) 
 
where 𝝉𝒑𝒒 is calculated using the mixture properties. The interfacial area for the momentum 
exchange at the air-core interface is calculated using the symmetric model [13]: 
𝑨𝒊 =
𝟔𝜶𝒑(𝟏−𝜶𝒑)
𝒅𝒑
 (12) 
 
The drag function is obtained from the drag law. For this study the symmetric drag law was 
used, thus, the drag function is given by [13]: 
 
    𝑓𝑑𝑟𝑎𝑔 =
𝐶𝐷𝑅𝑒𝑚
24
                                                                                                            (13) 
 
Four different drag laws (cases) were modelled used. The formulae for the drag coefficient for 
each model is given in Table 2.  
 
Table 2. Drag Coefficient Formulae [13] 
Model 𝐶𝐷 
No Drag 0 
 
Morsi and Alexander a1 +
𝑎2
𝑅𝑒
+
𝑎3
𝑅𝑒2
   (The coefficients 𝑎1, 𝑎2 𝑎𝑛𝑑 𝑎3 are dependent on 𝑅𝑒) 
          
 
Symmetric 
 
 
Tomiyama et al. 
 
(
24(1 + 0.15𝑅𝑒𝑚
0.687) 𝑅𝑒𝑚 ≤ 1000
0.44 𝑅𝑒𝑚 > 1000
 
 
max (𝑚𝑖𝑛 (24(1 + 0.15𝑅𝑒𝑚
0.687),
72
𝑅𝑒
) ,
8
3
𝐸𝑜
𝐸0+4
)  where 𝐸𝑜 =
𝑔(𝜌𝑞−𝜌𝑝)𝑑𝑝
2
𝜎
 
 
 
The lift force exerted by the primary phase on the secondary phase is calculates as follows 
[13]: 
 
    ?̅?𝒍𝒊𝒇𝒕, 𝑞 = −𝐶𝑙𝜌𝑞𝛼𝑝(𝒖𝒒 − 𝒖𝒑) × (∇ × 𝒖𝒒)                                                              (14)                                              
 
Three different  lift coefficient models (cases) were used. The formulae for the lift coefficient for 
each model is given in Table 3.  
 
Table 3. Lift Coefficient Formulae [13] 
Model 𝐶𝑙 
No Lift 0 
 
Moraga 
{
0.0767                                                                                          φ ≤ 6000
− (0.12 − 0.2𝑒−
𝜑
3.6) 𝑒𝜑/3(10
−7
                                    6000 <  φ < 5(107) 
−0.6353                                                                                           φ ≥ 5(107)
  
where 𝜑 = 𝑅𝑒𝑝𝑅𝑒𝜔, 𝑅𝑒𝑝 =
𝜌𝑞|𝒖𝒒−𝒖𝒑|𝑑𝑝
𝜇𝑞
 𝑎𝑛𝑑 𝑅𝑒𝜔 =
𝜌𝑞|𝛁×𝒖𝒒|𝑑𝑝
2
𝜇𝑞
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Tomiyama 
{
min[0.288 tanh(0.121Rep) , 𝑓(𝐸𝜎)]                                                𝐸𝜎 ≤ 4
𝑓(𝐸𝜎)                                                                                                  4 <  𝐸𝜎 ≤ 10
−0. .27                                                                                                      𝐸𝜎>10
  
where 𝑓(𝐸𝜎) = 0.00105𝐸𝜎
3 − 0.0159𝐸𝜎
2 − 0.0204𝐸𝜎 + 0.474 , 
 
 𝐸𝜎 =
𝑔(𝜌𝑞 − 𝜌𝑝)𝑑ℎ
2
𝜎
, 𝑑ℎ = 𝑑𝑏(1 + 0.163𝐸𝑜
0.757)
1
3   
𝑎𝑛𝑑 𝐸𝑜 =
𝑔(𝜌𝑞 − 𝜌𝑝)𝑑𝑏
2
𝜎
 
 
Boundary Conditions  
 
The salient boundary conditions are given in Table 4. The underflow and overflow were modelled 
as outlets at atmospheric pressure. The wall boundaries were specified as no-slip boundaries, 
thus, the fluid velocity at the wall was set at 0 𝑚/𝑠.  The mass flow rate and pressure values are 
based on the experimental measurements. A radial equilibrium pressure distribution is applied 
at the outlets. Thus, the gauge pressure is applied at the boundary centre and the static pressure 
on the rest of the boundary is calculated using [13]: 
 
∂𝑝
∂𝑟
=
𝜌𝑣𝜃
2
𝑟
 (15) 
 
Table 4.  Boundary Conditions 
Boundary 
Name 
Boundary 
Type 
𝑝 (𝑘𝑃𝑎) 𝛼𝑎𝑖𝑟 ?̇? (kg/s) 𝐷𝐻  (𝑚) 𝐼𝑡𝑢𝑟𝑏  (%) 
Inlet Mass-flow 
inlet 
150 0 5.23 0.02 8.86 
Underflow Pressure 
outlet 
82.5 1 (backflow) N/A 0.02 10 
Overflow Pressure 
outlet 
82.5 1 (backflow) N/A 0.075 10 
 
Solver Setup 
 
The models were transient and three-dimensional. The double precision pressure based coupled 
solver was used with the QUICK discretisation scheme used for the momentum, energy, 
turbulent kinetic energy and the 𝑘 𝑎𝑛𝑑 𝜀 equations and a bounded second order implicit transient 
formulation was used. The PRESTO! discretisation scheme was used for pressure correction. 
Gradient reconstruction was done using the least squares cell based method. The under-
relaxation factors were kept at their default settings. The time step size (∆𝑡 = 5(10−5)s) was 
chosen to ensure that the models converged in 5 - 15 iterations per time step.  
EXPERIMENTAL PROCEDURE 
Experimental Setup 
 
The test rig, as seen in Figure 3 was used [12]. The system was operated in a closed loop, with the 
underflow and overflow diverted back to the feed bin. The feed bin was agitated via a bypass as 
seen in Figure 1. The feed pressure was measured using an analogue pressure gauge and kept at 
150 𝑘𝑃𝑎. Timed samples were taken at the overflow and underflow and weighed to determine 
the mass flow rates. To obtain statistically representative experimental data the tests were 
repeated three times with a minimum sampling rate of three times per test.  
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Figure 3.  Experimental Setup  
Experimental Results 
 
The mean mass flow rates for all three tests are given in Table 1 [12]. The flow rates at the 
underflow and overflow were added to obtain the feed mass flow rate. The experimental error 
and fluctuations in the mass flow rates are indicated with the respective mean values [12]. 
 
Table 5.  Average Mass Flow Rate Measurements in (𝑘𝑔/𝑠) 
Test Feed  Underflow Overflow 
Average 5.23−0.54
+0.54 0.85−0.11−0.06
+0.09+0.06 4.38−0.49−0.54
+1.01+0.54 
RESULTS AND DISCUSSION 
Mesh independence 
The model was implemented using different cell sizes to ensure mesh independence. The cell 
sizes used were 5mm (≈ 91 000 cells), 3.54mm (≈ 252 000 cells) and 2.5mm (≈ 697 000 cells). The 
overflow and underflow mass flow rates were used as the metric to determine mesh 
independence. As seen in Figures 4 and 5 the mass flow rates only changes by 1% and 9% for the 
overflow and underflow, respectively, when refining the mesh from 3.54mm to 2.5mm. Thus, the 
model is mesh independent on the 2.5 mm mesh. 
 
 
Figure 4. Mass-flow rate at the overflow 
for the three mesh sizes  
 
Figure 5. Mass-flow rate at the underflow 
for the three mesh sizes 
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Effect of lift on air-core formation 
 
The results indicate that lift has no effect on the air-core and water mass flow split. As per figure 
6 the air-core diameter and shape are independent of the lift model used. Furthermore, the water 
mass flow split as predicted in all three cases were the same, as shown in Table 6. Thus, the effect 
of lift can be neglected.   
Effect of drag on air-core formation 
 
Whilst drag does not affect the air-core or water mass flow split the choice of drag model has a 
noticeable effect on the stability of the solution. When the effect of drag was neglected, the 
solution became unstable. The same effect, albeit with a delayed onset, was observed with the 
Symmetric drag model.  
The instability is caused by the formation of a high velocity region in the core of the 
hydrocyclone.  The sudden rise in velocity leads to a rise in the turbulent kinetic energy, which 
in turn leads to a rise in the turbulent viscosity and subsequently the turbulent viscosity ratio to 
unphysical magnitudes. The rise in velocity and subsequently the turbulent viscosity is rapid and 
can occur within a period of two time steps. Thus, drag should not be neglected, as it is a damping  
 
Figure 6. Contours coloured by volume fraction of air (𝛼𝑎𝑖𝑟) on the plane 𝑥/𝐷 = 0 for a) the 
Moraga lift model, b) the Tomiyama lift model and c) the case with lift neglected.   
 
Table 6.  Average Mass Flow Rate Predictions in (𝑘𝑔/𝑠) for the Three Lift Models 
Model Underflow* Overflow 
No Lift 0.313 4.91−0.01−0.01
+0.01+0.01 
Tomiyama 0.313 4.91−0.01−0.01
+0.01+0.01 
Moraga 0.313 4.91−0.01−0.01
+0.01+0.01 
* The variation in the underflow was less than 10−3 
 
force that counters this effect. The Symmetric model could not counter this effect, thus, it should 
not be used for modelling drag in air-core formation in hydrocyclones. 
The results indicate that drag that the Morsi-Alexander and Tomiyama et al. models provide 
the same predictions of air-core diameter and shape as seen in Figure 7. Furthermore, they both 
8 
provide the same predictions of water mass flow split as shown in Table 7. Thus, either of the two 
models can be used to account for drag during air-core formation in a hydrocyclone. However, it 
is advisable to use the Morsi-Alexander drag model, as it required at least 12% less time for the 
full simulation to complete.  
Comparison of Model Predictions and Experiment 
 
The CFD model under predicted the underflow mass flow rate and over predicted the overflow 
mass flow rate. The error, as given in Table 8, in the CFD model predictions is acceptable for the 
overflow; however, it is notably large for the underflow. 
The reason for the large error in the underflow mass flow rate predictions is that the particle 
phase is omitted at this stage in the modelling. However, in the experiment the particulates were 
introduced in the hydrocyclone. It is reported in [12] that the error in the underflow predictions 
are large, however, the error reduces to less than 10% for both the underflow and overflow when 
the effect of the particles on the water phase is captured. Thus, future validation of air-core 
models should be done using experiments whereby the particles are not included in the 
experiment.  
 
 
 
Figure 7. Contours coloured by volume fraction of air (𝛼𝑎𝑖𝑟) on the plane 𝑥/𝐷 = 0 for a) the 
Morsi-Alexander drag model and b) the Tomiyama et al. drag model.   
 
Table 7.  Average Mass Flow Rate Predictions in (𝑘𝑔/𝑠) for the Two Drag Models 
Model Underflow* Overflow 
Morsi-Alexander 0.313 4.91−0.01−0.01
+0.01+0.01 
Tomiyama et al. 0.313 4.91−0.01−0.01
+0.01+0.01 
* The variation in the underflow was less than 10−3 
 
Table 8.  % Error in the Average Mass Flow Rate Predictions  
Model % Error in 
Underflow 
Predictions 
% Error in 
Underflow 
Predictions 
Morsi-Alexander 63% 12% 
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CONCLUSIONS 
 
Air-core formation is considered fundamental in the separation mechanics of a hydrocyclone. 
The air-core produces a spray discharge, which prevents the occurrence of roping. Thus, the 
results of this study provides insight into the incorporation of drag and lift in CFD models of air-
core formation in hydrocyclones. The results from this study can be used to produce confidence 
in CFD models of hydrocyclones for the purpose of design and optimisation. 
In this study CFD and experiment was used to determine whether drag and lift plays a 
significant role in air-core formation and the performance of a hydrocyclone. The Eulerian-
Eulerian multiphase model was used in this study.   
The results indicate that lift has no effect on the air-core and water mass flow split. Whilst 
drag does not affect the air-core or water mass flow split the choice of drag model has a noticeable 
effect on the stability of the solution. Whilst the results are based on a specific hydrocyclone the 
results can be generalised because the lift and drag model predictions are based on the flow 
regime and not on the hydrocyclone geometry. However, the CFD could be used to assess the 
generality of the results by repeating the study for various hydrocyclone geometries. 
Thus, it is recommended that lift be neglected and that a drag model must be included to 
ensure stability. The Symmetric drag law should not be used when modelling air-core formation 
in a hydrocyclone as it leads to numerical instability. The Morsi-Alexander and Tomiyama et al. 
drag models provide the same predictions; however, it is advisable to use the Morsi-Alexander 
drag model, as it requires less computation time. Future work will focus on modelling the drag 
and lift in a fluidised bed using the Eulerian-Eulerian Dense Discrete Phase Model. 
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NOMENCLATURE 
 
𝐴𝑖 Interfacial Area 
𝑎𝑖 Spherical drag law coefficient constants ∀𝑖 = 1,2,3  
𝐵𝑖 Body force components ∀𝑖 = 𝑥, 𝑦, 𝑧 
𝐶𝐷 Drag coefficient 
𝐶𝑙 Lift coefficient 
𝐶𝑣𝑚 Virtual mass factor 
𝐶1𝜀 𝑘 − 𝜀 model constants  ∀𝑖 = 1,2,3 
𝐷𝐻 Hydraulic diameter 
𝑑 Diameter 
𝐸𝑜 Eötvos number 
𝐸𝜎 Modified Eötvos number 
?̅?𝑣𝑚 Virtual mass force 
?̅?𝑙𝑖𝑓𝑡 Lift force 
𝑓𝑑𝑟𝑎𝑔 Drag function 
𝐺𝑏 Generation of turbulence kinetic energy due to buoyancy 
𝐺𝑘 Generation of turbulence kinetic energy due to the mean velocity gradients 
𝑔 Gravitational constant 
𝐼𝑡𝑢𝑟𝑏 Turbulence intensity 
𝐾𝑝𝑞 Interphase momentum exchange coefficient 
𝑘 Turbulence kinetic energy 
?̇? Mass flow rate, 
𝑝 Pressure 
?̅? Mean pressure 
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𝑅𝑝𝑞 Interphase momentum exchange force 
𝑅𝑒 Reynold’s number 
𝑅𝜀 RNG 𝑘 − 𝜀 model R term   
𝑟 Radius 
𝑆𝑀 Momentum source term 
𝑆𝑘 Turbulence kinetic energy source term 
𝑆𝜀 Turbulence dissipation source term 
𝑡 Time 
∆𝑡 Time step size 
𝑢?̅? Mean velocity components  ∀𝑖 = 𝑥, 𝑦, 𝑧 
𝑣𝜃 Tangential velocity 
𝑥𝑖 Cartesian directions ∀𝑖 = 𝑥, 𝑦, 𝑧 
𝑌𝑀 The contribution of the fluctuating dilatation in compressible turbulence to the overall 
dissipation rate 
Greek Symbols 
𝛼 Volume fraction 
𝛼𝑘 , 𝛼𝜀 Inverse effective Prandtl numbers for 𝑘 and 𝜀 respectively 
𝜀 Turbulence dissipation rate 
𝜇 Viscosity 
𝜇𝑒𝑓𝑓 Effective viscosity 
𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅  Reynolds stresses 
𝜌 Density 
𝜎 Surface tension coefficient 
𝜏̿ Shear stress-strain tensor 
Subscripts 
𝑎𝑖𝑟 Air 
𝑏 bubble 
ℎ Hydraulic 
𝑚 Mixture 
𝑝 Secondary phase 
𝑞 Primary phase 
𝝎 vorticity 
Subscripts 
T Transpose 
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